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Abstract Previous work examined the eﬀect of the attached stiﬀness matrix terms on stability of an
elastic beam undergoing prescribed large overall motion. The aim of the present work is to extend
the nonlinear formulations to an elastic beam with free large overall motion. Based on initial stress
method, the nonlinear coupling equations of elastic beams are obtained with free large overall motion
and the attached stiﬀness matrix is derived by solving sub-static formulation. The angular velocity
and the tip deformation of the elastic pendulum are calculated. The analytical results show that
the simulation results of the present model are tabled and coincide with the one-order approximate
model. It is shown that the simulation results accord with energy conservation principle. c© 2012
The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1202301]
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With the rapid development of high-speed and high-
precision mechanical system, the study of rigid-ﬂexible
coupling system on small deformation was a topic of
many publications dealing with the dynamics of elastic
beams undergoing large overall motion. In 1987, Kane1
observed the eﬀect of the transverse deformation on the
longitudinal deformation employing a stretch variable.
A number of researchers2–5 continued to focus on dy-
namic stiﬀening of rotating elastic body. Recently, dy-
namic properties of a rotating beam in a non-inertial
reference frame were studied in Ref. 6. However, with
prescribed large overall motion, the coupling eﬀect of
dynamic stiﬀening between large overall motion and the
deformation of an elastic beam was not taken into ac-
count.
The objective of this paper is to extend the nonlin-
ear formulations to an elastic beam with free large over-
all motion. The nonlinear dynamic equation of rigid-
ﬂexible coupling beam is established based on free large
overall motion and the attached stiﬀness matrix which is
derived by solving sub-static formulation. The angular
velocity and the tip deformation of the elastic pendu-
lum are calculated. The analytical results show that
the simulation results of the present model are tabled
and coincided with the one-order approximate model.
It shows that the simulation results accord with energy
conservation principle.
Consider an elastic beam undergoing free overall
motion as shown in Fig. 1. Two coordinate systems
are introduced to describe the motion of the beam: the
global coordinate system e0 and the body-ﬁxed coor-
dinate system eb. The position vector of an arbitrary
point k0 on the central line of the elastic beam can be
deﬁned with respect to eb as
r = r0 + ρ0 + uk. (1)
a)Corresponding author. Email: zhaofy@snerdi.com.cn.
Fig. 1. Elastic beam with free large overall motions.
As shown in Fig. 1, r0 is the position vector of the
reference point O1, ρ0 is the position vector of the arbi-
trary point with respect to eb in the undeformed state,
uk is the deformation vector, k0 is deﬁned by coordinate
k0(x, 0) with respect to e
b in the un-deformed state.
The deformation displacement matrix u′ are written as
respectively
u′ = (u v)T, (2)
where u, v are the coordinate components of uk with
respect to eb.
Based on continuum mechanics, (∂u/∂x)2 is very
small and can be ignored for thin long beam, compared
with (∂v/∂x)2. Therefore the axial normal strain and
stress of an arbitrary point on the beam can be written
as
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− y ∂
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)2
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where E represents Young’s modulus. Virtual work
power of elastic force is given by∫ l
0
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where Izz is area moment of inertia and A is cross-
section area.
Finite element method (FEM) is used for discretiza-
tion. By using FEM, the elastic beam is divided into
n elements as shown in Fig. 2. The coordinate com-
ponents u and v in element j (j = 1, 2, · · · , n) can be
expressed as6
u = Nj,1(x¯)pj , v = Nj,2(x¯)pj , (6)
where x¯ is axial coordinate with respect to ej . In
Eq. (6), Nj,i(x¯) (i = 1, 2) can be written by axial and
transverse node coordinate separately. The deformation
displacement matrix pj in element j (j = 1, 2, · · · , n) is
expressed as
pj =
[
pT1j p
T
2j
]T
= Bjp, (7)
whereBj is Boolean matrix and p is global deformation
displacement matrix. Bj , p can be written as
Bj =
[
B1j 0
0 B2j
]
, p =
[
pT1 p
T
2
]T
. (8)
Therefore, Eq. (6) can be written as
u = N1p, v = N2p, (9)
where
N1 = Nj,1(x¯)Bj , N2 = Nj,2(x¯)Bj . (10)
Substituting Eq. (9) into Eq. (5) leads to
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where Kf , K¯f are elastic stiﬀness matrices and can be
written as6
Kf =
[
Kf1 0
0 Kf2
]
, K¯f =
[
0 0
0 K¯f2
]
, (12)
Fig. 2. Finite element model of elastic beam.
K¯f2 =
n∑
j=1
BT2j
∫ lj
0
Aσx
∂STj,2
∂x¯
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∂x¯
dx¯B2j , (13)
where
σx = E
∂u
∂x
. (14)
The coordinate matrix about r can be written as7
r = r0 +A(ρ0 + u
′), (15)
where ρ0 = (x 0)
T, A is orientation cosine matrix.
The coordinate matrix u′ can be written as
u′ =
[
u
v
]
=
[
N1p
N2p
]
, (16)
Diﬀerentiating Eq. (15) and the second order diﬀeren-
tiation of Eq. (15) yield
r˙ = r˙0 + θ˙I˜A(ρ0 + u
′) +Au˙′, (17)
r¨ = r¨0 − θ˙2A(ρ0 + u′) + 2θ˙I˜Au˙′ +Au¨′ +
θ¨I˜A(ρ0 + u
′), (18)
where
I˜ =
[
0 −1
1 0
]
. (19)
Using the Jourdain’s variation principle, we ﬁnd that
the variational equations of rigid-ﬂexible system take
the form7∫
V
δr˙T(−ρr¨ + f)dV −
∫
V
δε˙TσdV = 0, (20)
where f = [f1 f2]
T
is the body force.
The rigid-ﬂexible coupling equation of planar beam
is expressed as
Mq¨ = Q, (21)
where q =
[
rT0 θ p
T
]T
is the generalized coordinate of
the elastic beam, and M , Q are the generalized mass
and force matrix.6
Based on coordinate system e0 and eb, we show an
elastic pendulum with gravity in Fig. 3.
No external force and inertial force are applied in
vertical direction of the elastic pendulum. Therefore
the deformation in vertical direction can be ignored. An
elastic pendulum can be simpliﬁed into a planar beam
model. The coordinate matrix about gravity is written
with respect to eb as
f ′ = [f ′1 f
′
2]
T
= [ρg cos θ −ρg sin θ]T . (22)
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Fig. 3. An elastic pendulum with gravity.
Fig. 4. Time history of angular velocity (θ(0) = 45◦).
The generalized coordinate is deﬁned as
q =
[
θ pT
]T
. (23)
The rigid-ﬂexible coupling dynamic equation of an elas-
tic pendulum is
Mq¨ = Q. (24)
The generalized mass M and force matrix Q are ex-
pressed respectively as
M =
[
M11 M12
M21 M22
]
, Q =
[
Q1
Q2
]
, (25)
where
M11 = J11 + 2Z11p+ p
T(W11 +W22)p, (26)
M21 = M
T
12 = (W21 −W12)p+ZT12, (27)
M22 = W11 +W22, (28)
Q1 = −2θ˙[Z11p˙+ pT(W 11 +W 22)p˙]−
g sin θ(E1 + Y1p)− g cos θY2p (29)
Q2 = −2θ˙(W 21 −W 12)p˙+ θ˙2ZT11 +
θ˙2(W 11 +W 22)p−Kfp− K¯fp+
g cos θY T1 − g sin θY T2 . (30)
The properties of the beam are as follows:8 length
l = 1.8 m, cross-section area A = 2.5 × 10−4 m2, area
moment of inertia I = 1.302 × 10−9 m4, mass density
ρ = 2.766 67 × 103 kg/m3, and modulus of elasticity
E = 68.95 GPa.
Fig. 5. Time history of tip deformation (θ(0) = 45◦).
Fig. 6. Time history of angular velocity (θ(0) = 90◦).
For θ(0) = 45◦ and θ˙(0) = 0, the angular veloc-
ity and the tip deformation of the elastic pendulum are
shown in Figs. 4 and 5, by use of the one-order approx-
imate model and the present model. The maximum
value of the angular velocity undergoing large overall
motion is revealed at t = 0.51 s and t = 1.8 s. The an-
alytical results show that the simulation results of the
present model coincide with the one-order approximate
model. Furthermore, the calculated time for the present
model is 50 s, which is much more eﬃcient than 150 s
for the one-order approximate model due to iterative
coupling terms.
For θ(0) = 90◦ and θ˙(0) = 0, the angular veloc-
ity and the tip deformation of the elastic pendulum are
shown in Fig. 6 and 7. The maximum value of the an-
gular velocity is revealed at t = 0.68 s. It is illustrated
that the amplitude for angular velocity and tip defor-
mation is very small at t = 0.68 s for the two models.
Actually, the simulation results of the present model are
tabled and coincide with actual situation.
In order to verify the simulation results, the energy
analysis is performed. The total energy of the elastic
pendulum should agree with the energy conservation
law, which is expressed as
T + U + Ug = const, (31)
where T is the kinetic energy, U is the strain energy and
Ug is the gravity energy.
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Fig. 7. Time history of tip deformation (θ(0) = 90◦).
Fig. 8. Energy of the beam.
In the case that the initial position is set as θ(0) =
90◦ and the initial point of gravity energy is set as O,
therefore the total energy is zero.
The energy curve of the present model is shown in
Fig. 8. The strain energy is positive, displayed by solid
line and the sum of the kinetic energy and gravity en-
ergy is negative, displayed by dotted line. It reveals
that the total energy of the present model is zero and
it agrees with the energy conservation law.
The study on the nonlinear dynamic analysis of an
elastic beam undergoing prescribed large overall motion
is extended to an elastic beam with free large overall mo-
tions by means of the initial stress method. Numerical
results for an elastic pendulum show that the angular
velocity and the tip deformation of the present model
are tabled and coincide with the one-order approximate
model. It shows that the simulation results accord with
the energy conservation principle.
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